In this paper, output tracking control of a helicopter model is investigated. The model is derived from Newton-Euler equations by assuming that the helicopter body is rigid. First, we show that for several choices of output variables exact input-output linearization fails to linearize the whole state space and results in having unstable zero dynamics. By neglecting the couplings between moments and forces, we show that the approximated system with dynamic decoupling is full state linearizable by choosing positions and heading as outputs. We prove that bounded tracltiiig is achieved by applying the approximate control. Next, we derive a diffeoniorphism showing that an approsimation of the system is differentially flat, thus state trajectory and nominal inputs can be generated from a given output trajectory. Simulation results using bot,li output tracking controllers based on exact and approximate input-output linearization are presented for coniparison.
Iiitroductioii
Helicopter control [l, 21 requires the ability to produce moments and forces on the vehicle for two purposes: first, to produce equilibrium and thereby hold the helicopter in a desired trim st,ate; and secondly, to produce accelerations and thereby change the helicopter velocity, position and orientation. Like aircraft control, helicopter control is accomplished primarily by producing moments about all three aircraft axes: roll, pitch and yaw. The helicopter has in addition direct control over the vertical force on the aircraft, corresponding to its VTOL capability. The engine power is controlled a rotor speed governor to automatically manage the power. The lateral and longitudinal velocities of the helicopt,er in hover must be controlled using pitch and roll inoineiits about the center of gravity. Changes in pitch or roll attitude produces longitudinal or lateral forces and finally the desired velocity of the helicopter. There usually is considerable coupling of the forces a.nd moments produced by the helicopter controls. Helicopter flight dynamics are inherently unstable, particularly in the hover mode.
Feedback linearization [3] has been successfully applied in control design for highly maneuverable aircraft such as S/VTOL [4] , CTOL [5] of aircraft control design. In tliis paper, we design an output tracking controller for a helicopter model based on input-output linearization. Our control design is constructed by first neglecting the coupling effect between rolling(pitching) moment and lateral(longitudina1) force, then showing that the approximate control results in bounded tracking on the exact model. The idea of using approximate inputoutput linearization on helicopter control is motivated by the control design of VSTOL in [B] and PVTOL in [7] , in which full state and approximate feedback linearization are applied respectively.
In this paper, we first present a helicopter model which is derived from Newton-Euler equations. In section 3 and 4, we show that exact input-output linearization and exact state-space linearization fail to linearize the whole syst.em and result in having unstable zero dynamics. In section 5, with positions and heading chosen as outputs, we show that the approximated system is dynainically linearizable without zero dynamics. In section 6, we derive a diffeomorphism showing that the extended system is differentially flat. Finally, in section 7, simulation results using both output tracking controllers based on exact and approximate input-output linearization are presented. Conclusion are given in section 8. The equations of motion of a model helicopter can be written with respect to the body coordinate frame, which is attached to t.he center of mass of the model helicopter. The 2 axis is pointed to the body head and y axis goes to the right of the body. Thus, . z is defined by the right-handed rule. 
Rigid Body Dynamics
As shown in [8] , the equations of motion for a rigid body subject to an external wrench F b = [ f b , rbIT applied at the center of mass and specified with respect to the body coordinate frame is given by Newton-Euler equations, which can be written as 
Force and Moment Generation Processes
The helicopter system can be considered as a lumped model consisting of a main rotor, a tail rotor, a horizontal stabilizer, a vertical stabilizer and a fuselage, which are denoted by the subscripts M , T , H , V, F , respectively. The force experienced by the helicopter is the resultant force of the thrust generated by the main and tail rotors, damping forces from the horizontal and vertical stabilizer, aerodynamic force due to fuselage, and gravitational force. The torque is composed of the torques generated by the main rotor, tail rotor and fuselage, and moment generated by the forces as defined in Figure 2 . In hover or forward flight with slow velocity, the velocity is so slow that we can ignore the drag contributed from the horizontal, vertical stabilizers, and the fuselage. As shown in [9] , the external wrench can be written as:
The forces and torques generated by the main rotor are controlled by T M , a l , and b l s , in which a l , and b l , are the longitudinal and lateral tilt of the tip path plane of the main rotor with respect to the shaft, respectively. The tail rotor is considered as a source of pure lateral force YT and anti-torque Q T , which are controlled by with sals = sinal, ,tal, = cos al, ,sblJ = sin bl, ,cbls = cosbls. The moments generated by the main and tail rotor can be calculated by using the constants,
as defined in Figure 2 .
In above, we approximate the rotor torque equations by Qi N-Cyq1.5 + 0: for i = M , T . The details of generation of the rotor torques, QM, Q T , one can obtain by applying the equations as shown in [9] . The system parameters are given in Appendix.
System equations
We assume that all the states are measurable accurately. In order to present the system in an input-affine form, we assume that the inputs of the about nonlinear system are the derivatives of TM, TT, al, and bl,.
Hence, the system equations becomes:
where w = [wl, 2~2 , 2 0 3 , w4] are defined as auxiliary inputs to the system. Here the states x E R16, the inputs w E R4, the outputs y E R6 and f , gi are assumed to be smooth vector fields and h j to be smooth functions. ics at equilibrium point has eigenvalues f16.4528i and f12.1123i. However, the linearization is inconclusive on determining the stability property close to the equilibrium point. Thus, we define a nonsingular matrix U, = + = U .
Exact Input-Output Linearization
From the system equations, there are four control inputs and hence the maximum number of outputs for input-output linearization is four. Since six variables, 3 positions and 3 Euler angles, are candidate outputs, there are Ct = 15 possible "square" input output pairs.
T which transforms the state transition matrix of the linearized zero dynamics into block diagonal form. By applying v* = T-lv, the nonlinear dynamics are locally decoupled. From the phase portrait as shown in Figure 3 , one can conclude that the nonlinear system is not asymptotically stable but non-minimum phase, since the equilibrium point is surrounded by a family of periodic orbits.
For the system (3), it can also be shown that exact state-space linearization fails to transform the system into a linear and controllable system, since the distributions [3] are not involutive. Hence, it is impossible to fully linearize the nonlinear system.
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where P = P / g , TM = T M / m g and TT = TT/mg. of Kronecker indices { y1,y2, y3,y4} = 18 is equal to the order of the extended system ne = 16 + 2. As defined in [7] , the system is said to be slightly non-minimum phase, since the true system is non-minimum phase but the approximate system is minimum phase.
We can then apply the tracking control law designed for the model system to the true system, which is We first show that e is bounded. To this end, consider as Lyapunov function for the above error system V = eTPe where P > 0 is chosen so that ATP + PA1 = -I . This can be done since e = Ale is stable. Taking the derivative of V along the trajectory, we find
Thus, V < 0 whenever le1 5 E K which implies le1 is bounded and, hence, [['I is bounded. Furthermore, we can conclude that the tracking error will be O ( c ) . 0
Approximate State Trajectory Generation based on Differential Flatness
In the previous section, we have shown the use of approximate linearization to derive a tracking controller. However, one can use the same framework to design a trajectory generator. This is particularly useful in hierarchical control system as described in [ll] . In the architecture, the higher level planner generate output trajectory based on kinematical model of the system. The trajectory generator generates a. full state and nominal input trajectory for the lower layer regulator to track.
The criterion for being able to generate state and norninal input trajectory from the output trajectory is that the system has to be differentially flat, i. The results of using exact linearization and approximate linearization are shown in Figure 4 . Both controllers are successful in stabilizing the outputs. However, in the exact method the internal dynamics, roll and pitch angles, are excited and continue to oscillate. This phenomenon agrees with the zero dynamics property as shown in previous section. While applying the approximate control law, the internal dynamics are stabilized. The control inputs are kept small throughout the simulation, and it validates the assumption made on alb,bls and TT. 7 
Conclusion
In this paper, the output tracking control design of a helicopter model based on approximate input-output linearization is illustrated. We have shown that inputoutput linearization fails to linearize the whole system and result in having unstable zero dynamics. The approximated system with dynamic decoupling is linearizable without zero dynamics by choosing positions and heading as outputs. Thus, the approximate control law is derived, and we prove that bounded tracking is achieved. Next, we derive a diffeomorphisrn showing that the system is differentially flat. By that, state trajectory and nominal inputs can be generated from a given output trajectory. Simulation results show that the approximate control law produces desired performance without excite the internal states into oscillation. In future work, we will extend our control design to include the fuselage drag force, rotary wing dynamics and actuator dynamics. The final tracking controller will be implemented and tested on a model helicopter developed by BEAR, BErkeley AeRobot, team at U. C. Berkeley.
Appendix: System Parameters
All variables except for the state variables and inputs are numeric constants, which can be obtained by measurements and experiments. The followings are the values of the constants. 
